We document and explain the existence of two distinct scaling regimes for the burning speed enhancement of an idealized premixed flame as a result of its distortion by an unsteady periodic shear. The simplified model used in the present study allows for a rigorous, quantitative explanation of the bending in the scaling exponent, either linear or sublinear in the shear intensity, in terms of a non-dimensional flame residence time which compares the intrinsic time-scale of the unsteady flow with the time it takes the corresponding steady shear to fully distort a flame. It is the non-trivial dependence of this latter flame wrinkling time with respect to the shear intensity that leads to the scaling behaviour. A combination of asymptotic analysis and high-resolution numerical simulations is used to validate the enhancement parametrization of both standing-and travelling-wave solutions for the perturbed front.
Introduction
Turbulence in the flow always enhances the burning speed of a premixed flame such that the enhancement is strongly dependent on the turbulence intensity (see, e.g., [1, 2] for rigorous lower bounds). Given the turbulence intensity u (unit of velocity, typically defined as the square root of the turbulent kinetic energy), it has been observed that the burning speed enhancement depends linearly on u for large values of u but grows quadratically for small values. The change in scaling exponent from a linear dependence to a sublinear one is what is referred to in the literature as the bending of the turbulent burning speed (see, e.g. [3, 4] ). In this paper, we introduce a class of small-scale unsteady shear flows for which bending can be linked very precisely to the transition between two enhancement regimes: in particular, we will show that for those idealized flows, the controlling parameter for bending is a non-dimensional time-scale that we refer to as the normalized flame residence time.
The results presented below confirm in a precise quantitative fashion some suggestions put forward recently by Denet [5, 6] and Ashurst [7] regarding the important role of timescales in premixed flame burning speed enhancement by turbulence. The novelty here is that we will pinpoint the transition in a very precise quantitative fashion by considering turbulent intensity and flow frequency as independent parameters and by introducing the appropriate non-dimensionalized time. The main result is presented in section 2 with details provided in the following sections. The behaviour of the flame front is modelled by the rigorous asymptotic model of Majda and Souganidis [2] -the use of this model for the present set-up is described in section 3. The solution of the model for the steady case, with explicit predictions for maximal potential enhancement and for characteristic wrinkling time, is described in section 4. A summary of the strategy to solve the unsteady problem numerically can be found in section 5. The asymptotic/numerical description of the two scaling regimes, slow and fast, is provided in section 6. While the time-modulated shear in equation (1) below leads to a standing-mode solution for the front, we revisit in section 7 a travelling-mode solution studied previously by Embid et al [8, 9] and show that the same flame residence time considerations apply and allow one to parametrize very precisely the flame burning speed enhancement. A companion paper by the authors [10] describes the application of the basic concepts presented in this paper to the response of a flame front to small-scale flows with more complex spatial structures such as jets and eddies: although flame patterns can become very complex for those new cases, one can still utilize the basic mechanisms identified here to explain qualitatively the trends observed in simulations.
Main result: bending as a sharp transition between two regimes-slow and fast
Since the normalized flame residence time involves, in a rather unintuitive fashion, the turbulence intensity as well as other factors, we state in this section the main result for one idealized set-up. All details as well as other examples will be provided in subsequent sections of the paper.
This basic set-up is shown in figure 1 : an idealized thin flame front aligned with the y-axis and moving from right to left is subjected to a time-modulated sine-shear in the direction normal to the front: u(x, y) = λ cos ωt sin 2πy P , 0 , where λ > 0 is the shear intensity and ω the time-modulation frequency. If one were to try to imitate a turbulent spectrum, one could specify a spectral dependence λ = λ(ω) [5] [6] [7] but, in the present study, λ and ω are varied independently so that their individual effect on the burning speed scaling can be identified in a systematic fashion. Periodic conditions are prescribed in the y-direction, with period P . This generic configuration is meant to mimic rough features of the small scales of a turbulent flow and their effects on a flame front. As a result of the unsteady shear, the flame is distorted and its overall propagation speed S T is greater than its laminar speed S L . The overall propagation speed of the wrinkled flame is defined as the global fuel consumption rate divided by the channel width: it represents the speed of a planar flame that would burn instantaneously the same quantity of fuel as the wrinkled flame. Because of the time oscillations in the shear, the instantaneous burning speed also oscillates in time with the same period; if one is interested in the long-time, large-scale behaviour, a more useful diagnostic is to look at the overall burning speed averaged over one time period. Let Se = S T − S L represent the enhancement in this averaged overall burning speed compared to the laminar case. In the limit of low frequency, ω → 0, an explicit expression is available for the burning speed enhancement (see section 4):
(Hence, in this case, the burning speed enhancement is always linear in the shear intensity.) We use this zero-frequency limit to define the normalized enhanced speed Se N :
The dependence of the normalized burning speed enhancement on the forcing flow frequency ω is illustrated in figure 2 with results for three shear intensities:
All the details on the numerical simulations are provided later in the paper (see section 3 for the equations, section 5 for their numerical solution). The three curves display the same trend: for small frequencies ('slow' regime), the normalized enhancement is close to unity (Se N = 1 corresponds to the reference case, ω → 0). At large frequencies ('fast' regime) however, there is a marked reduction in enhancement. More quantitatively, for each value of λ, the slow and fast regimes are found to fit very closely with two distinct curves. The slow curve (solid line) is given by
Therefore, in the slow regime, Se N is seen to differ from 1 by a small negative correction, and Se = 2λSe N /π is directly proportional to λ, except for a small negative correction. For large frequencies, the fast curve (dashed line) is given by
Therefore, in this regime, Se N is linear in λ and thus, from equation (3), Se depends quadratically on λ. The expressions are greatly simplified by introducing the following nondimensional number:
In this notation, we can rewrite:
valid for large values oft, and
valid for small values oft. The normalized burning speed enhancement Se N is, therefore, a function exclusively of the parametert and consequently the flame-enhanced speed Se depends exclusively on the two parameters λ andt: the turbulence intensity λ dictates the maximum achievable enhancement and the non-dimensional numbert (which depends on both λ and the flow frequency ω) controls whether this maximum enhancement will actually be observed in an unsteady simulation. This universal scaling is confirmed in figure 3 by replotting the results from figure 2 as Se N (t) (the plot also includes 100 additional data points covering a wide range of values for λ in [0.05, 128] and ω in [5.2e −4 , 317]). Indeed, all data appear to collapse on either the slow or the fast curve. A physical explanation of the scaling is possible by recognizingt as the ratio of two time-scalest = t r /t w , with t r and t w defined as follows:
• t r = 2π/ω is the time period of the shear amplitude modulation. It measures the timescale on which the unsteady flow is acting on the flame front (in other words, the flame 'residence' time with respect to the unsteady distorting shear).
• t w is the flame wrinkling time and is given by
We will demonstrate in section 4 that t w represents the time it would take a steady shear of intensity λ to wrinkle an initially planar flame to its maximum distortion and corresponding full burning speed enhancement λ.
Following this interpretation, from now ont will be referred to as the non-dimensional flame residence time. It is not surprising thatt involves the flow frequency; however, the inverse square-root dependence with respect to the flow intensity is non-trivial (in particular, not what is usually obtained using ad hoc considerations for eddy turn-over times, etc).
A physical explanation for the transition between the slow and fast curves observed in figure 3 is now obvious. If given an infinite time, the shear will distort the flame so that 
it achieves its maximal burning speed enhancement (recall that for the present set-up, this maximal enhancement is always linear in the shear intensity, small or large, so that there can effectively be no bending in the limit of steady shears aligned with the propagation direction of the front). When the flow frequency is low, so that the non-dimensional flame residence time is large, the flame will have sufficient time to achieve almost full distortion and hence the steady maximal enhancement. This means again that the enhanced speed will basically be linear in the shear intensity if one ignores a small correction due to unsteady effects. On the other hand, when the non-dimensional flame residence time is small (at fixed λ, this corresponds to large frequencies), only a small fraction of the steady enhancement is possible because the flow oscillates too fast for the flame to follow it in detail and one observes a much reduced enhancement with an overall quadratic dependence on the shear intensity (properly normalized). Those intuitive considerations will guide the analysis of the numerical simulations and the asymptotic derivations in section 6: for the slow regime, a quasi-steady approximation will be used whereas the solution can be predicted to leading order by averaging the steady solutions corresponding to the successive shear modulated amplitudes λ| cos ωt| observed during one time period. In the fast regime, fluctuations with respect to the mean are small and a linear perturbation analysis will be appropriate (note, however, that the mean solution around which perturbations are studied is far from trivial; it has small amplitude but still contains cusps).
Basic equations
The model for the flame front used in this study is the rigorous asymptotic model by Majda and Souganidis [2] and Embid et al [8] . It describes the propagation of an infinitely thin flame when the flame propagation is affected by a flow field that includes small scales (intermediate between the flame thickness and the integral scale). The asymptotic limit is the rigorous generalization of the concept of a laminar flamelet in the presence of turbulent flow. It has been shown to lead to predictions that can be significantly different from those using the G-equation formulation in the case of KPP-type chemistry in the paper by Embid et al [9] , although there are other regimes with strong agreement.
The model assumes that the heat release is weak and the Lewis number is equal to 1, so that the propagation of the flame front can be described by a single reaction-diffusion advection equation for the temperature:
The time and length variables in equation (10) are non-dimensionalized with respect to the integral scales. The flame thickness is of order , as a result of the balance between the weak diffusion of order and the fast reaction of order −1 . The temperature is normalized so that T = 0 on the unburnt side and T = 1 on the burnt side. The reaction rate is assumed to be a single irreversible step of the KPP type, e.g. f (T ) = KT (1 − T ). The nonlinear averaging theory of Majda and Souganidis provides the evolution of the effective flame front in equation (10) in the limit → 0 when the incompressible velocity field V depends on two separate scales:
with 0 < α < 1. In this case, the velocity field has two components, a mean componentV varying on the integral scale and a zero-mean fluctuation velocity λv involving the turbulent scale (x/ α , t/ α ). In other words, the theory provides a rigorous framework to average out of the solution the details at the turbulent scale and below; this is precisely the type of result needed for our problem where the y-period P and time period T = 2π/ω in the time-modulated shear correspond to the intermediate α scales in the asymptotic problem in (11) . For the model velocity fields in equation (1), we have u = λv in (11) .
The asymptotic theory describes the evolution of the variable Z = −1 log T : this change of variable allows for a very detailed description of what goes on in the exponentially decaying pre-heat zone on the cold side of the flame. It is known that KPP chemistry flames are very sensitive to the cold-side conditions near T = 0. For instance, for the laminar case (set V = 0), the laminar speed of propagation of the flame is given by S L = 2(κf (0)) 1/2 ; the theory in [2] rigorously generalizes this behaviour under the action of turbulent mixing in the pre-heat zone. The asymptotic prediction is that, in the limit → 0, the mean front will obey a variational inequality that involves the eigenvalue of a cell problem. We refer the interested reader to [2, 9] for the general formulation and consider here only the version necessary to address the special velocity field in (1) .
When v = (λ sin(2πy/P ) cos(ωt), 0), the flame front in the idealized set-up corresponding to figure 1 will always be the graph of a function of y such that, at any time t > 0, Z(x, y, t) = rz(x, y, t), with z(x, y, t) = x −x(t) − ψ(y, t) and r a positive constant. A strategy to obtain r,x and ψ is given below; first we explain their physical interpretation in terms of the behaviour of the flame. From the relationship between Z and T , one can see that the positive scalar r measures the rate of exponential decay of the temperature in the pre-heat zone. The special form for Z or z implies that the flame front location, which corresponds to the zero level of Z, is given by x(y, t) =x(t) + ψ(y, t), where ψ(y, t) is a biperiodic, zero-mean function over the domain [0, P ] × [0, T ] andx(t) is the mean x-location of the flame. The mean flame moves to the left at the turbulent burning speed −dx/dt = S T . It is the prediction of S T (or Se = S T − S L ) one is mostly concerned about in this problem. According to the rigorous theory, this must be done using the following procedure:
• Given r > 0 and the fluctuating shear v(y, t) in (1), there exist a unique effective Hamiltonian H (r) and a unique corresponding eigenfunction ψ(y, t) of mean zero and biperiodic over the space-time box [0, P ] × [0, T ] that satisfy the following cell problem:
The first step of the procedure is to compute H (r).
• The enhanced burning speed can then be predicted by minimization:
For instance, for the laminar case (set v(y, t) = 0), using the formula for S T will give the expected formula for the laminar burning speed:
where the minimum for the burning speed is achieved for
In the next section, an explicit solution to the above cell problem will be discussed for the case ω = 0, since it will be a useful reference for the discussions in the rest of the paper. When ω > 0, there are no closed-form solutions to the cell problem, so a numerical procedure is used instead, as described in section 5.
Reference case: steady shear normal to the front
In this section, we summarize some basic results concerning the steady-shear case (ω = 0 in formula (1) for the shear), so that the small-scale periodic flow is given by (λ sin(2πy/P ), 0).
Long-time solution with steady shear
If the front is distorted by a steady shear, it will converge asymptotically to a steady travellingwave solution whose speed as well as detailed spatial profile in y can be predicted explicitly by using the steady version of the cell problem. The problem is particularly simple because the eigenvalue is now a one-dimensional function lim t→∞ ψ(y, t) = ψ s (y). It is easy to verify that the solution to the cell problem in (12) is given as follows:
• the effective Hamiltonian is H = κr 2 + rλ; • the turbulent burning speed is obtained by using equation (13) , S T = S L + λ, and is achieved for the same exponential decay rate r = r * L as in the laminar case (equation (14)); • the unique eigenfunction of period P corresponding to H at the infimum is
where the constant C 0 is selected to enforce the condition that the mean of ψ s (y) is zero.
In particular, the theoretical upper bound for Se is achieved here: Se = S T − S L = λ, i.e. the speed enhancement is equal to the maximum of the shear component in the mean propagation direction of the flame (see the theory in [2] ).
Reference wrinkling time t w
In section 2, the so-called flame wrinkling time, t w , was introduced as a convenient reference time by which to normalize unsteady time-scales. We now justify the expression for t w in equation (9) by studying the evolution of an initially undisturbed laminar front (ψ(y, t) = 0 at t = 0) until it reaches its asymptotic shape ψ s (y) as described by equation (15) . To obtain the transient evolution equation, we again assume that Z = rz(x, y, t), with z(x, y, t) = x − ψ(y, t) (in this case, we have not assumed that ψ(y, t) has zero mean). The initial conditions correspond to a laminar flame structure with ψ = 0 and r = r * L from equation (14); the long-time asymptotic solution will also have the same value for r = r * L , so it is reasonable to study the evolution of Z assuming that r = r * L throughout the transient phase. Using formal asymptotic arguments inspired by the rigorous theory [2] summarized in section 3, we derive an evolution equation for Z by substituting T = exp(Z/ ) in equation (10), assuming the special form of Z. For KPP chemistry, f (T )/T = f (0), to leading order; using this result and neglecting higher-order terms in , one obtains the following equation:
This equation looks somewhat similar to the cell problem defined above, except for two major differences: in the present case, a steady travelling-wave solution is sought instead of a timeperiodic perturbation; also equation (16) is not an eigenvalue problem, unlike the cell problem, since its right-hand side is known a priori. A convenient diagnostic to study the evolution of the front is to look at its distortion d(t), defined as the maximum horizontal distance between two points on the front at any given time. For the present case, the distortion can be seen to simply correspond to the difference between the front x-location at the shear extrema:
Its initial value is d(t = 0) = 0 and its final value, at steady state, can be obtained from formula (15) as
For a finite time, the solution ψ will be smooth (eventually a cusp will form at y = P /4); as long as no cusp has formed, taking the difference between the evolution equation in (16) , respectively, at y = P /4 and y = 3P /4 will lead to a very simple linear equation for d(t):
Past the formation of the cusp, one needs to solve for ψ(y, t) numerically to obtain d(t). Time and ψ can be rescaled as follows: the scale for ψ is taken to be the front distortion once the steady state has been reached, 
one can easily verify that the evolution equation forψ(y/P , τ ) (and hence for δ(τ )) is independent of λ. Snapshots of the numerical results for the rescaled front are shown in figure 4 with the initial value on the right. A cusp is seen to form between τ = 1/2 and τ = 1. By the time τ = 1, the perturbation in the front with respect to the mean is in very good agreement with ψ s (y), the steady-state prediction from formula (15) (see figure 4). Figure 5 shows the normalized front distortion δ(τ ) = d(τ )/d S : this plot confirms that τ = 1 is a good estimate for the time-scale for convergence to the asymptotic state δ(τ ) = 1. The linear theory used to produce this estimate is also shown. There is excellent agreement between the nonlinear curve and the linear curve for most of the growth, which explains the merit of the linear estimate for the time-scale t w .
An important observation is that, everything else being equal, a smaller intensity λ will lead to a longer wrinkling time-scale (t w being proportional to (λ/S L ) −1/2 ). For unsteady cases, this means that when λ is small, not only is the maximum possible enhancement small (proportional to λ) but also it takes a much longer time to achieve it. Thus, in practice, at a finite time, the overall enhancement will be a small fraction of a small number, hence very small (see the appendix of [11] for a qualitatively similar discussion for the case of a front obeying the G-equation). 
Reference case: prediction for the limit ω → 0
In the introduction, the limit case of an infinitely slowly modulated shear (lim ω → 0 in formula (1)) was used to define a reference burning speed enhancement. Notice that this limit is different from the enhancement obtained above simply by setting ω = 0, as done at the beginning of this section. The limit we are interested in corresponds to the average over the modulation period, which is infinitely long when lim ω → 0; over that period, the shear modulated amplitude will take on all possible values between 0 and λ and the reference enhancement Se 0 used earlier is obtained by averaging over all such amplitudes across the period. Because the frequency is so small, unsteady effects are negligible and one can assume that, at any time, the response of the flame corresponds to the asymptotic long-time solution corresponding to the instantaneous modulated amplitude, so that the average over one period is given by
(For more details, see section 6, where formal asymptotics for both the fast and slow regimes are discussed.)
Numerical solution of the unsteady cell problem
The minimization step in equation (13) for the burning speed prediction is performed with the routine DUVMIF from the IMSLM library [12] . This routine finds the minimum point of a smooth function of a single variable by making use of only the function evaluations. This requires an efficient routine to compute the effective Hamiltonian H (r) since this routine will be called many times during the minimization process. The effective Hamiltonian H (r) is computed via the cell problem in equation (12); it is a nonlinear eigenvalue problem for H (r) and for the biperiodic eigenfunction ψ(y, t) (with period [0, P ] × [0, T ] and mean zero). Designing a numerical strategy to solve it is a challenge: the routine will be called by the minimization procedure for a range of values of r, so computing H (r) must be efficient and must not require any special a priori knowledge of the solution for the eigenvalue. One strategy would be to discretize equation (12) with finite differences and then solve the resulting algebraic eigenvalue problem. This type of strategy would be neither efficient nor simple to use. Here are some of the difficulties that one would encounter. For reasons of accuracy, the discretization steps would need to be small, resulting in a matrix problem that is both large and nonlinear, hence very costly numerically. Most likely, an iterative procedure would have to be used, requiring a good initial guess for the solution; some theoretical upper bounds are known for the eigenvalue, but there are many cases for which those bounds turn out not to be practical for wild guesses for r during the early stages of the optimization. Another fundamental difficulty with the matrix approach is that the eigenfunction ψ(y, t) might develop cusps (as seen in figure 4 for the steady case). This means that upwinding or an explicit numerical viscosity must be used in the discretization, either of which must be solution dependent, hence further complicating the formulation as a matrix problem.
To circumvent these difficulties, we used an alternative strategy inspired by the procedure designed by Embid et al in [9] . In this paper, the cell problem was formulated for a steady shear, but with an arbitrary angle between the flame front and the shear direction and also with an arbitrary transverse mean flow (we revisit the problem in section 7). In that case, the solution is steady, so the eigenfunction is one-dimensional ψ(y) and one can solve the eigenvalue problem by utilizing only the numerical quadrature and a root finder [9] . The problem is more complex for the unsteady case considered here and there is no such explicit procedure to compute the solution, but one key idea still works. The effective Hamiltonian H (r) does not actually require a solution for the eigenfunction ψ(y, t) itself; all that is needed is ψ y (y, t). Indeed, integrating equation (12) over the biperiodic domain and taking into account the periodicity and zero-mean behaviour of v(y, t) and ψ(y, t) results in an explicit formula for H (r) in terms of ψ y :
where ψ 
where the variables are s, the pseudo-time variable for marching, and the two original variables z = (y, t). The new unknown is u(s, z) and the flux F is given by F (u, z) = [κu 2 + rv(z), u]. Equation (22) is integrated numerically, starting with the initial data u(0, z) = 0 at s = 0. A fourth-order ENO scheme for conservation law [13] is used for the discretization. Using a conservative formulation and imposing periodic boundary conditions on u with respect to z = (y, t) guarantees that the zero-mean conditions to be satisfied by w are always satisfied by u for any value s > 0 because they were trivially satisfied at s = 0. Therefore, at steady state, a solution for w(y, t) will have been obtained.
This approach has proved to be very robust for practical computations. It capitalizes on well-established numerical techniques for the solution of conservation laws and requires no a priori knowledge of the solution, unlike what is usually the case for large eigenvalue problems, let alone nonlinear. Validation tests were performed by comparing the solution for the steady case with λ/S L = 1 obtained by using this time-marching conservation law approach with the predictions from the explicit formulae in section 4. The convergence of the effective Hamiltonian with respect to mesh refinement in y is reported in table 1 for schemes of formal order 2, 3 or 4 (the solution is steady, so refinement in time is irrelevant). For the steady case, cusps play a dominant role in limiting the accuracy of the numerical solution so that, globally, all schemes reduce to first-order. Nevertheless, convergence is indeed achieved and the benefit of using higher-order methods becomes more significant for flame fronts with more small-scale spatial structures besides cusps.
A similar strategy for more complex cell problems with two spatial variables is described elsewhere [10, 14] , including a detailed discussion of the conditions for effective convergence to a steady state for the pseudo-time. The main result in [14] is that a critical condition for such convergence is that the computed solution be effectively the spatial gradient of a scalar function in some discrete sense. In the case of one space dimension studied in this paper, this condition is always trivially satisfied for a one-dimensional function in space and the convergence result of [14] automatically applies. 
Asymptotic analysis

Non-dimensionalized cell problem
The cell problem, equation (12), is rescaled using the following:
• time-scale T = 2π/ω, non-dimensional time τ = t/T ;
• length-scale P , non-dimensional y-coordinateỹ = y/P ; 
wheret is the non-dimensionalized flame residence time introduced in equation (6) . Asymptotic behaviour for small or large values oft is discussed next; in particular, it will be shown how the reference solution for the steady-shear case in section 4 plays a distinct role in explaining the solution in each regime. A rigorous asymptotic analysis would entail the type of machinery used by Majda and Souganidis [2] , with tools such as test functions for viscosity solutions, etc. Here we give only formal arguments that provide some insight on the behaviour of the solution. Furthermore, our numerical results confirm the validity of the asymptotic expansions developed below.
Slow regime: quasi-steady approximation
In the slow regime, the flame residence timet is large and we will seek an expansion in terms of = 1/t (dropping the tilde):
Substituting these expressions in equation (23) and collecting terms of same order in gives a sequence of equations:
The unique solution to this problem is trivial: H (−2) = 0 and ψ
is a function of time only, arbitrary at this point.
Order
−1 : One can easily verify that there are no terms of order 1/ on the left-hand side and one obtains directly that H (−1) = 0.
We will now show how one can construct explicitly a solution to this equation by building on the solution for the steady problem from section 4. Because of the slow time modulation, we expect that, at any time τ , the flame front has adjusted instantaneously to the modulated shear of intensity λ cos(2πτ ). This implies that we expect that ψ (0) (y, τ ) satisfies the following steady cell problem, where τ is viewed as a parameter:
The solution to this auxiliary problem is known: results in section 4 give H (0) (τ ) = | cos(2πτ )| and the rescaled perturbation ψ (0) is given by
where the detailed expression for f (y) will not be needed here. Substituting the expression for H (0) (τ ) in equation (24) will impose the missing condition on ψ (−1) and, most importantly, provide a way of computing H (0) :
Recalling that ψ (−1) is a periodic, zero-mean function over the time period, one can integrate this equation over a time period and obtain an expression for H (0) :
where · T denotes the integration over the time period. At this point, one could easily integrate the equation for ψ (−1) but this result is not needed here since we are mainly concerned about the burning speed. The rescaled Hamiltonian H (0) can be used to compute the leading order for the burning speed enhancement:
which is the result announced in section 2.
y ψ (1) y = −H (1) .
At this order, the formal asymptotic strategy presented here breaks down because ψ
τ is not sufficiently smooth. Regardless, it is plausible that this equation leads to a correction of order = 1/t in the rescaled Hamiltonian and hence explains the correction of the same form for Se N as observed in the numerical data for the enhanced speed. Further confirmation is provided in figure 6 , which corresponds to a test case with ω = 0.001, λ = 2, P = 1, S L = 1 so thatt = 2.8 × 10 4 , certainly large enough for the slow-regime approximation. Pictured are the detailed spatial profile for the front perturbation with respect to the mean for various snapshots throughout the period along with their quasi-steady approximation ψ (0) as computed above. For most snapshots, there is perfect agreement between the two; the only snapshot where one can actually see the difference between the computed profile and its quasisteady approximation corresponds to the value τ = 0.26 near 1/4: τ = 1/4 is the time at which the quasi-steady approximation breaks down at order for lack of smoothness of the time derivative, so the differences between the two profiles around that particular time are to be expected. Nevertheless, the asymptotic prediction for the enhanced speed was reported in section 2 to be very good overall.
Fast regime: linear perturbation
When 1/t is very large in equation (23), we seek an asymptotic expansion in terms oft: We substitute these expressions in equation (23) and collect terms of same order int:
Taking into account thatψ is biperiodic of mean zero (and, hence, so are all the terms in the expansionψ (i) ), the only solution possible is (1) :
whereψ (1,A) is, at this point, an arbitrary function which can depend only onỹ.
The same arguments used for the order 1/ terms lead to
Averaging this expression over time leads to 2ρ (2) .
Taking into account the expression forψ (1) in equation (25) gives
Manipulating the trigonometric expression results in
The solvability condition at ordert 2 is therefore similar to a cell problem for a steady shear (cos(4πỹ))/16 plus a mean 1/16. Predictions for a steady shear are known from section 4 and it is trivial to add a steady horizontal mean. As a result of this forcing, theỹ-period of the time-average componentψ (1,A) is now 1/2 (so the period for the mean has been halved compared to the period of the original forcing shear). Using the prediction forH =t 2H (2) in the minimization step to predict the enhanced speed in formula (13) leads to the following result:
For smallt, this can be approximated by
2 . Hence, we recover the following expression for the normalized enhanced speed in the fast regime:
.
This speed is exactly what was obtained by fitting the data as presented in section 2.
We examine the spatial structure of the front in more detail, in particular, of its timeaveraged behaviour with the help of numerical simulations. unsteady part of the eigenfunction (figure 8) is a smooth Fourier mode while the time-averaged profile (solid curve in figure 7 ) is a double-cusp solution, as would be obtained with a steady shear of period P /2. The capturing of such small-amplitude cusps is possible in the present computation because no excessive numerical viscosity was used in the computation; instead, high-order ENO schemes for Hamilton-Jacobi equations are used to deal with the nonlinearity. A physical explanation for the coexistence of the cusps at the local extrema of the shear is easy to understand: in the quasi-steady case, there are, alternately, cusps at y = 1/4 (when the modulated amplitude λ cos ωt is positive) and y = 3/4 (which is the front minimum when the modulated amplitude is negative). The solution evolves on a sufficiently slow time-scale that the cusp at one extremum has time to disappear before another cusp reappears at the other extremum. In the fast regime we are presently looking at, the flame has no time to adjust beyond the linear fluctuations; amplitudes are small and both cusps coexist at all times.
Travelling-wave mode
We now illustrate the use of the concept of flame residence time for another simple test case (see the setup in figure 9 ). The new set-up in this section corresponds to a test case studied extensively by Embid et al [8, 9] for the purpose of contrasting predictions obtained with the rigorous averaging procedure (as outlined in section 3) with those obtained based on ad hoc averaging via the G-equation limit. The flame is now subjected to a horizontal shear which, unlike in the previous case, is now steady and to which we have also added a constant mean flow of intensity V 2 orthogonal to the shear direction:
(One can easily verify that, with the present set-up, a mean flow V 1 along the shear direction will just result in a Galilean change of frame of reference and hence will not affect the burning speed enhancement due to turbulence.) Moreover, the mean front is no longer assumed to be normal to the shearing direction, but is allowed to be tilted with an arbitrary angle θ between the front normal n and the shear direction. This configuration is particularly amenable to 0 0.5
m e a n f r o n t Figure 9 . Set-up for the travelling-mode case: normal n to the mean front tilted at angle θ with respect to the steady horizontal shear u(y) direction; mean flow V 2 transverse to the shear direction.
extensive study because the cell problem now entails a one-dimensional function ψ(y):
(Indeed, it is easy to verify that with u defined as above, the front perturbation with respect to the mean is steady and is the graph of a function of y.) This problem can be solved numerically by using only simple quadratures and root solvers [8, 9] . The burning speed enhancement was shown to be particularly sensitive to the ratio V 2 /S L , with either a quadratic or a linear dependence on the shear intensity λ, depending on the ratio being very large or very small, respectively. Here, we apply the concepts developed in this paper to understand those results. Even though the solution is steady, we will show next that the idea of a non-dimensional flame residence time still applies and is sufficient to explain this sensitive dependence.
First, we rewrite the cell problem from equation (26), as
One recovers an equation very similar to the cell problem for the standing-wave case by introducing the following change of variables:
with ρ = r/r * L (as introduced in section 6) and S L = 2κr * L (see formula (14)). In the new frame of reference, the cell problem becomes
with the reduced shear intensityλ = λ cos θ , the equivalent flow frequency ω = 2π(V 2 − ρS L sin θ )/P andH = H + rV 2 sin θ . This equation is very similar to the cell problem, equation (12), studied in the previous sections (except that now the shear corresponds to a travelling sine wave, instead of a pulsating sine wave, and that the shear frequency ω is a function of r, the minimization variable.) Accordingly, this suggests that the following timescales will play an important role in the scaling for the burning speed enhancement:
• t r = 2π/ω = P /|V 2 − ρS L sin θ | as the relevant flow characteristic time, the so-called 'flame residence time'. Its physical interpretation is clear if one considers a marker on the mean front that is advected by the mean flow and also moves normal to the front with a speed ρS L . The t r scale represents the time period for such a marker to loop once through the shear y-period, hence the reference to the flame residence time.
•
as the intrinsic flame wrinkling time. It is identical to the expression used before, except that it takes into account the fact that the component of the shear normal to the front is now reduced toλ = λ cos θ.
For the standing mode, we define the non-dimensional flame residence timet as the ratio of the two time-scales above:
One expects, as before, that large values oft correspond to large enhancements, linear in the shear intensity (or, more precisely, linear inλ, the shear component normal to the mean front) while small values oft correspond to much smaller enhancements. This is confirmed next by asymptotic analysis and numerical simulations. Of course, now that the issues of identifying relevant 'time-scales' for this steady problem have been addressed, we return to the original formulation in equation (26), which leads to much simpler analysis as the cell problem in that frame of reference corresponds to a steady, one-dimensional eigenfunction. As in section 4 for the standing-mode case, we first look at the limit case ω → 0. In the present case, one can easily check that it is obtained by simply setting ω = 0 in equation (27), so that one can directly use the predictions in section 4 for a steady shear of intensityλ = λ| cos θ |. In particular, Se 0 =λ, and this value will be used to normalize the results to be discussed next for non-zero values of ω.
Slow regime
When ω = 0, the effect of the transverse mean flow and that of the self-propagation of the front normal to itself cancel each other exactly. We are now interested in small departures from this balance, with ω very small so that the flame residence time is large. One way to approach it is to employ a small parameter expansion in terms of 1/t, as was done in section 6 for the standing-mode problem. We present here an alternative approach. We now note that one of the features of the steady case is that the cell-problem eigenvalue is achieved at its lower bound. Indeed, in equation (12) for the steady case, it is clear that
The lower bound H min is precisely the effective Hamiltonian reported in section 4. We now formulate the problem in equation (26) so that, again, we can easily obtain a lower bound for the eigenvalue and make the assumption that the eigenvalue is still well approximated by its lower bound, as is exactly the case when ω = 0. First, we define U = sin θ − V 2 /(2κr) and use it to rewrite equation (26) as
where we have redefinedH = H + V 2 r sin θ + κr 2 U 2 . Clearly, a lower bound forH isH min = κr 2 + rλ and, hence, a lower bound for H is given by H min = κr
Assuming that H indeed has a lower bound, we substitute H min in the minimization problem in equation (13) and obtain
where the minimum is achieved for r = ρr *
This expression is, of course, valid only if V 2 /S L is sufficiently small. A more familiar expression is obtained by employing a Taylor expansion if both V 2 /S L and sin θ are small; in that case, one can verify that, to leading order, the expression for Se above is equivalent to
2 , where the non-dimensional residence time is defined as
with ρ = 1, to first order.
In conclusion, the asymptotic prediction for the slow regime is that, to leading order, the burning speed enhancement will again be linear inλ = λ| cos θ |, i.e. the intensity of the shear in the direction normal to the mean front. While in the standing-mode case, the next-order correction was linear in 1/t, in the present case, the correction is even smaller, quadratic in 1/t.
Fast regime
In the fast regime, the strategy is very similar to the one used for the standing-wave case and details are omitted. The relevant small parameter for the present case is
). An expansion in terms of is carried out and the leading term for the correction of the effective Hamiltonian compared to the laminar case is a second-order term in :
The enhanced turbulent burning speed is then given by
Rigorously, the minimization above must take into account the dependence of on r (recall that ρS L = 2κr). The result that is stated next is valid only if one assumes that ρ = 1 to leading order in the expression for (it turns out that the result below is also exact for the two special cases when either V 2 = 0, θ = 0 or V 2 = 0, θ = 0):
with the minimum achieved at ρ = 1 + 2 /2, which validates the assumption that ρ = 1 to leading order in this regime. Again, a more recognizable expression is obtained as a Taylor series expansion is terms of . To leading order, the normalized burning speed enhancement is obtained as
2 . Hence, in the fast regime, the (unnormalized) burning speed enhancement Se has exactly the same form in both the travelling and standing modes.
Numerical results
In all three test cases to be described next, the enhanced speed was predicted numerically via the solution of the cell problem using the procedure described in [9] . In the first test case, we investigate the effect of always leads to a decrease in flame residence time, so that it is expected that the burning speed enhancement will also decrease. This is indeed observed in figure 10 . The circles represent the data obtained by solving the complete cell problem along with the minimization step. The solid and dashed curves correspond, respectively, to the slow and fast asymptotic regimes. When V 2 is close to zero, so thatt is large, one expects the slow-regime scaling to apply. As V 2 is increased, a marker on the front would sweep increasingly fast through the shear period, the flame residence time decreases and the burning enhancement is expected to decrease. This is indeed what is observed in figure 10 : agreement with the simulation is excellent, with a clear transition between the two regimes for 1/t ≈ 0.3,t ≈ 3.
The second test case corresponds to V 2 = 0, λ = S L , and θ varying between 0 and π (symmetric results are expected between −π and 0). Results are displayed in figure 11 . Here we show unnormalized values Se(θ ); normalized values imply division by | cos θ |, which is not convenient as the denominator goes to zero. While, in the previous test case, modifying V 2 had a straightforward effect on the flame residence time and hence on the burning speed enhancement, the effect of a variation of θ is more complex: at a non-zero angle θ , the front has a self-propagation component transverse to the shear direction which reduces the flame residence time compared to the aligned case (formally, this corresponds to the effect of the factor ρS L sin θ in the expression fort in equation (28)). Also, because of the tilting, the component of the shear normal to the front is smaller, so that the maximum achievable enhancement is smaller (this corresponds to the formula Se 0 = λ| cos θ|). Finally, the corresponding wrinkling time is longer, further reducing the normalized flame residence time (this corresponds to the factor λ| cos θ | in the expression fort). So, overall, tilting the front (in the absence of a transverse mean) is also expected to reduce the burning speed enhancement, but this time through a combination of factors. This reduction is indeed observed in figure 11 . For angles θ close to 0 or π, the front is hardly tilted and relatively large enhancements are observed, with excellent agreement with the curve corresponding to the slow asymptotic regime. At θ = π/2, on the other hand, the front is parallel to the shear, so that there is actually zero enhancement. For angles close to that value, the flame residence time is very short and very little enhancement is observed, with excellent agreement with the predictions for the fast asymptotic regime. The final test case combines the effect of tilting the front and adding a mean velocity V 2 transverse to the shear direction.
In figure 12 we display the (dimensional) burning speed enhancement Se(θ ) when V 2 = 0.5, λ = S L , and θ varies in [−π, π]. The flame residence time is small if the transverse mean component V 2 and the front self-propagating component ρS L sin θ nearly balance each other. Assuming ρ = 1 to leading order, as in either asymptotic regime, there can be a range of angles θ for which this balance will approximately be achieved only if |V 2 |/S L < 1. When this condition is satisfied, there is indeed a solution θ = θ * such that sin θ * − V 2 /S L = 0, with the corresponding flame residence time infinitely long; in the neighbourhood of θ * , the residence time is finite but still fairly long, so that a linear scaling of the enhancement can be expected. Of course, for angles close to θ = ±π/2, the front is once again parallel to the shear, the flame wrinkling time is infinite, and a fast-regime approximation must apply, with very small enhancements quadratic in the shear intensity component normal to the mean front. This is indeed what is observed in figure 12 , again with excellent agreement between the simulation data and the asymptotic predictions. However, if |V 2 | had been larger than S L , there could have been no angle θ * for which the flame residence time could have been infinitely long, so that, in such cases, the fast regime would have applied to all angles and the dependence on the shear intensity would have been quadratic everywhere. The idea of flame residence time, therefore, offers a quantitative explanation for the sensitive dependence of the enhancement scaling with respect to V 2 /S L reported in [8, 9] .
Practical approximation
The expressions in both regimes might seem complicated. In particular, the precise correction to the leading order in the slow regime is different in the standing-and the travelling-mode cases. For practical purposes, such details are unimportant, only the leading terms are relevant, as illustrated for the last example in figure 13 . Numerical results are shown as circles again, while the solid line represents the crudest approximations in either regime:
• ift >t crit : slow regime, take Se = λ| cos θ |; • ift <t crit : fast regime, take Se = 0;
where we pickedt crit = 3, based on figure 10. In practice, one could therefore obtain a reasonable estimate for the speed enhancement based only on the intensity of the normal shear and a crude estimate for its relevant time-scale.
Conclusions
In this study, we have proved that the enhanced burning speed of an idealized premixed flame subjected to a small-scale time-dependent periodic shear undergoes a scaling transition controlled by a non-dimensional flame residence time. When the residence time is large (which tends to be the case if the turbulence intensity is large), the burning speed enhancement scales linearly with the turbulent speed while, when the residence time is small (this will likely be the case at small intensities or at very small scales), the enhancement is sublinear (here quadratic) with respect to the intensity. This transition greatly resembles the well-known bending effect in the burning speed observed in experiments.
This work was done in the rigorous asymptotic context developed in [2] for KPP-type flames. A more popular contemporary model to describe the propagation of a flame front is the G-equation approach (used e.g. in [5, 7] ). While the Majda-Souganidis asymptotic model and the G-equation can lead to significantly different predictions in some regimes, they agree qualitatively in others [9] . Regarding the scaling issues discussed in this paper, ongoing work seems to indicate excellent agreement, with both models displaying a qualitatively similar transition between a slow (linear) and a fast (sublinear) regime [11, 16] .
The robustness of the transition mechanism to such variations in the model as well as the similarity with experimental observations are encouraging indications regarding the potential relevance of the main results of this paper to real turbulent flames. While rather drastic simplifying conditions were needed to derive a model amenable to a systematic asymptotic analysis as well as to affordable, reliable computations, it is hoped that the results will, in some sense, be relevant to a much wider class of realistic configurations. One objective of the parametrization is to provide subgrid models for large eddy simulations of turbulent premixed flames-for that purpose, one needs to extend the parametrization to more realistic smallscale turbulent flows and a step in that direction is taken in the sequel to this paper [10] that will discuss the enhanced speed for idealized small-scale flows with more complex spatial structures. Ultimately, studies of the type presented here could be used as guides to select relevant generic configurations for direct numerical simulations of the full reactive NavierStokes equations with realistic chemistry. This would allow one to address explicitly questions beyond the scope of the idealized model used here-examples of such issues are the effects on the burning speed of non-unit Lewis number, complex chemistry, heat release/compressibility, realistic turbulent flow with randomness and a wide range of length and time scales, etc. Computations with such realistic models are extremely costly-hopefully, the intuition gained from the idealized model studied here will be of some use in that context.
